THE CLIFFORD TORUS AS A SELF-SHRINKER 
FOR THE LAGRANGIAN MEAN CURVATURE FLOW 
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Abstract. We provide several rigidity results for the Clifford torus in 
the class of compact self-shrinkers for Lagrangian mean curvature flow. 



1. Introduction 

An immersion (ft : M n — > M. m of a smooth manifold M of dimension n and 
codimension p = m — n > 1 into Euclidean space is said to be a self-shrinker 
if it satisfies the quasilinear elliptic system 

(1.1) H = -(ft 1 

where H = trace a is the mean curvature vector of the immersion (ft, defined 
as the trace of the second fundamental form a, and - 1 denotes the projection 
onto the normal bundle of M. The solutions of (jl.ip not only give rise to 
homothetically shrinking solutions of the mean curvature flow but also they 
play an interesting role in the formation of type-1 singularities because it 
was proved by Huisken [Hu90] that solutions of the mean curvature flow 
forming such a singularity can be homothetically rescaled so that any re- 
sulting limiting submanifold verifies (jl.ip . In this way it is expected that 
the understanding of the singularities of the mean curvature flow will rely 
on the classification of self-shrinkers, but this is a hard and open problem. 

There are many interesting papers (for example, [AL86] . |Hu90j . |Sm05| . 
[CMi09| [LeSelOj . [CaLillj . [DiXillaj . [DiXillbj . [ChZhllj . [LiWel2j and 
[ChPel2] ) about classification and rigidity of self-shrinkers for curves, hy- 
persurfaces or arbitrary codimension, under general assumptions like com- 
pactness, completeness with polynomial volume growth, uniformly bounded 
geometry, proper completeness or embeddedness. In this article we are inte- 
rested in rigidity results for compact self-shrinkers in arbitrary codimension, 
emphasizing the two-dimensional Lagrangian case. We recall that the La- 
grangian constraint is preserved by the mean curvature flow. 
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When n = 1, all the solutions of (jl.ip are given by the Abresch-Langer 
curves [AL86]. Except for the straight line passing through the origin, their 
curvature is positive for all them and the only simple closed one is the circle. 

When m = n + 1 and n > 2, Huisken [Hu90j proved that the only compact 
mean convex self-shrinker is the sphere S n (y / n) of radius \fn. 

In higher codimension the situation becomes more complicated as the 
codimension increases. A natural extension of the above Huisken's result is 
the following theorem of Smoczyk [Sm05]: If M n is a compact self-shrinker 
in W 71 , then M n is spherical if and only if \H\ > and its principal nor- 
mal vector field v = H/\H\ is parallel in the normal bundle. One easily 
observes that spherical self-shrinkers coincide with minimal submanifolds of 
the sphere S m ~ 1 (^/n) and all of them satisfy that \H\ 2 = n. 

The simplest one (the totally geodesic n-sphere of radius yjn) was char- 
acterized by the following gap theorem of Cao and Li [CaLill] (Le and 
Sesum [LeSelO] proved first the hypersurface case) on the squared norm of 
the second fundamental form: If M n is a compact self-shrinker in M m with 
\a\ 2 < 1, then \a\ 2 = 1 and M n is the n-sphere S n (y / n) in R n+1 . 

We observe in the above results that, in order to characterize the sphere 
S n (y / n), one needs some hypothesis either on the mean curvature or on the 
squared norm of the second fundamental form. Very recently, Li and Wei 
in [LiWel2j and Cheng and Peng in [ChPel2] have obtained some rigidity 
results for other examples of self-shrinkers under both types of assumptions: 
\H\ > and parallel principal normal vector field v = H/\H\ and either 
lower and upper bounds of |cr| 2 or constancy of |<r| 2 . 

We pay our attention to some interesting compact spherical self-shrinkers 
with constant squared norm of the second fundamental form: 

Example 1.1. For any ni,U2 £ N such that n\ + ni = n, the Clifford 
immersion 

S ni (v^i) x § n2 (Vn 2 ) ^M n+2 
is a compact self-shrinker in M n+2 with \a\ 2 = 2. 

Example 1.2. The product of n- circles 

n) 

S x x ... xS 1 ^M 2n 

is a compact flat self-shrinker with \o~\ 2 = n that is Lagrangian in M? n = C n . 

Example 1.3. The immersion 

gi x g"- 1 -> C n = R 2n , (e u ,{ Xl ,...,x n )) ' ^ V^e u (xi,...,x n ) 

is a compact self-shrinker with \a\ 2 = 3n ~ 2 £ [2,3) that is Lagrangian in 
R 2n = C n . 

By translating the well-known results of Simon [Si68], Lawson [La69j 
and Chern-Do Carmo-Kobayashi [CdCK78j about intrinsic rigidity for mi- 
nimal submanifolds in the unit sphere and using some simple observations 
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of [CaLillj . we arrive at the following gap result for compact self-shrinkers 
of codimension p > 1. 

Theorem A. Let 4> ■ M n — > R n+P be a compact self-shrinker such that \H\ 2 
is constant or \H\ 2 < n or \H\ 2 > n. If 

U.2) M> < |5| 

then: 

(1) either \a\ 2 = 1 and M is S n (^) in R n+1 (i.e. p=l), 

(2) or H 2 = and M is 

(a) either S m ( v /ni) x S^^/n^), n\ + n<i = n, (with \a\ 2 = 2) in 
R n+2 (i.e. p = 2), 

(b) or the Veronese immersion (with \a\ 2 = 5/3,) o/S 2 (\/6) in M 5 
(i.e. n = 2, p = 3). 

We remark that our hypothesis on H of Theorem A in the compact case 
is weaker than \H\ > and parallel principal normal vector field v = H/\H\. 
Our result generalizes Theorem 1.2 of |LiWel2j in the compact case. 

If the dimension and the codimension of the submanifold M coincide 
(what happens, for example, when M is Lagrangian), as a first immediate 
consequence of Theorem A we obtain the following surprising characteriza- 
tion of the Clifford torus S 1 x S 1 . 

Corollary A. Let <fi : M n — > M. 2n be a compact self-shrinker with codimen- 
sion n > 2 such that \H\ 2 is constant or \H\ 2 < n or \H\ 2 > n. If 

,9 3n — 4 

then n = 2, \a\ 2 = 2 and M is the Clifford torus S 1 x S 1 in K 4 . 

It is quite remarkable that the above three examples (Example 1.1, 1.2 and 
1.3) coincide when n = 2 providing precisely the Clifford torus S 1 x S 1 in M 4 . 
In fact, we remark that Example 1.2 and Example 1.3 satisfy the hypothesis 
of Corollary A only when n = 2. So it can be expectable some other rigidity 
results in this setting for this regular example. But the Clifford torus S 1 x S 1 
is not isolated in the class of compact self-shrinkers in Euclidean 4-space. In 
fact, it belongs to four different families of infinitely many self-shrinkers of 
genus one, that we will study in section 3: 

(i) Abresch-Langer tori, product of two Abresch-Langer curves [AL86J; 

(ii) Anciaux tori, defined by considering the case n = 2 in Theorem 1 of 
[An06] : 

(iii) Lee- Wang tori, defined by considering the case n = 2 in Proposition 
2.1 of [LW10] and described explicitly in Proposition 3 of [CLIO] ; 

(iv) Lawson tori, described in Theorem 3 of [La70]. 

Thus, rigidity theorems in the family of compact (Lagrangian) self-shrinkers 
in M 4 are welcome and the Clifford torus is the natural candidate for this 
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purpose. This type of results may be useful to try to get some progress 
related with the open Question 7.4 of |NelO] . Our contribution to this pro- 
blem consists of three different new characterizations of the Clifford torus, 
assuming in the Lagrangian setting only one type of assumptions: either on 
H or on |<r| 2 . 

Theorem 1.1. Let <p : M 2 — > IR 4 be a compact Lagrangian self-shrinker. 
If \H\ 2 is constant or \H\ 2 < 2 or \H\ 2 > 2, then M 2 is the Clifford torus 
S 1 xS 1 . 

As a consequence of this result we get that the Clifford torus is the only 
compact Lagrangian spherical self-shrinker in M 4 . By considering all the 
previous results, it seems to be interesting the study of compact self-shrinkers 
with \o~\ 2 < 2. Since there do not exist Lagrangian self-shrinking spheres 
(see Theorem 12. ip . making a subtle combination of Gauss-Bonnet Theorem 
with the formula (|2.3p that expresses the Willmore functional as a integer 
multiple of the area of a compact self-shrinker, we get the following result. 

Theorem 1.2. Let (j) : M 2 — > M 4 be a compact orientable Lagrangian self- 
shrinker. If \o~\ 2 < 2, then \a\ 2 = 2 and M is a torus. If, in addition, the 
Gauss curvature K of M is non-negative or non-positive, then M 2 is the 
Clifford torus S 1 x S 1 . 

In [CLIO] the authors classified all Hamiltonian stationary Lagrangian 
surfaces in complex Euclidean plane which are self-similar solutions of the 
mean curvature flow. The Hamiltonian stationary condition is equivalent 
to the vanishing of the divergence of the tangent vector field JH, being 
J the standard complex structure of C 2 . Based on the above mentioned 
classification, we finally deduce: 

Theorem 1.3. Let <fi : M 2 — > M 4 be a compact self-shrinker. If (j) is a 
Hamiltonian stationary Lagrangian embedding, then M 2 is the Clifford torus 
S 1 xS 1 . 

After analyzing the different hypothesis in our characterizations of the 
Clifford torus with the four families of self-shrinking tori cited above, we con- 
jecture that the Clifford torus is the only compact Lagrangian self-shrinker 
in M 4 with \a\ 2 < 2. 

Acknowledgements. The first author would like to thank Knut Smoczyk 
for some helpful conversations and for sharing his proof of Theorem 12.11 

2. Preliminaries 

Let (f) : M n — > M m be an isometric immersion of an n-dimensional sub- 
manifold in Euclidean m-space. The mean curvature vector H of eft is given 
by H = traced, where a denotes the second fundamental form of (j). A 
submanifold M in ]R m is called a self-shrinker if 

(2.1) H = -(j) 1 
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where stands for the projection onto the normal bundle of M. If denotes 
projection onto the tangent bundle, it is easy to check that (j) T = ^V|</>| 2 , 
where V means gradient with respect to the induced metric on M. 

Let 4> : M n — > W 71 be a self-shrinker. Using (|2. 1 1) . we get the following 
formula for the Laplacian of the squared norm of 4>: 

(2.2) A|0| 2 = 2(n- \H\ 2 ) 

In particular, when M is compact, we obtain an interesting relationship 
between the Willmore functional of <j) and the area of M: 

(2.3) / \H\ 2 dfi = nArea(M) 

J M 

We can find many examples (see Examples 1.1, 1.2 and 1.3 in section 1) 
in the class of spherical self-shrinkers: 

Consider that <f> : M n -> S m_1 (i2) C R m is a spherical immersion with 
second fundamental form a and mean curvature vector H. Then <j> is a 
self-shrinker if and only if = and i? = ^/n, that is, M is a minimal 
submanifold in the (m — l)-sphere of radius y/n. In this case, H = —(f) and 
so, \H\ 2 = 1 0| 2 = n and, in addition, it satisfies 

(2.4) H 2 = 1 + |<r| 2 

We consider now a special case of codimension n: the Lagrangian sub- 
manifolds, recalling that the Lagrangian constraint is preserved by the mean 
curvature flow. An immersion cj) : M n — > R 2n = C n is said to be Lagrangian 
if the restriction to M of the Kaehler two- form uj( ■ , • ) = ( J-, ■) of C n va- 
nishes. Here J is the complex structure on C n that defines a bundle iso- 
morphism between the tangent and the normal bundle of 4>. In particular, 
a(v, w) = JAj v w, where A is the shape operator, and so the trilinear form 
C(-, •, •) = (<t(-, •), J-) is fully symmetric. On the other hand, 

(2.5) H = JV/3, 

where /3 : M — > R/27rZ is called the Lagrangian angle map of (p. In general j3 
is a multivalued function; nevertheless an = —d/3 = {JH, ■) is a well defined 
closed 1-form on M and its cohomology class [an] is called the Maslov class 
of 0. 

Suppose now that 4> : M n — > R 2n = C n is a Lagrangian self-shrinker. 
Derivating (f> = <fi T — H in the direction of any tangent vector v € TM and 
separating tangent and normal components, we get that 

(2.6) A H v = v-V v (f) T 

where Ah is the Weingarten endomorphism associated to H and V is the 
Levi-Civita connection of M, and 



(2.7) 
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where \/ ± is the connection of the normal bundle. Using (12. 7\) we obtain 
that 

(2.8) divJH={JH,cj) T ) 

where div denotes the divergence operator. 

We finish this section with an interesting result, first proved by Smoczyk, 
about the non existence of compact orientable Lagrangian self-shrinkers with 
trivial Maslov class. 

Theorem 2.1. Let <fr : M n — > C™ be a Lagrangian self-shrinker. If M is 
compact orientable, then [an] ^ 0. 

Proof. Assume that [an] = 0. Then there exists a globally defined La- 
grangian angle (3 such that an = —d/3. Taking into account that A/3 = 
— div JH, from (12 .80 we have that /3 satisfies the elliptic linear equation 
A/3 = i(V/3,V|(/>| 2 ). Then the maximum principle says that (3 must be 
constant and thus H = 0. Since there are no compact minimal submani- 
folds in Euclidean space, this is a contradiction. □ 

As a consequence of Theorem 12.11 there do not exist Lagrangian self- 
shrinkers with the topology of a sphere. 

3. Self-shrinking tori in Euclidean 4-space 

In this section we collect the main geometric properties of four families 
of self-shrinking tori all them including the Clifford torus. 

3.1. Abresch-Langer tori. The Abresch-Langer tori are defined simply as 
the product Fi x T2 of two closed Abresch-Langer curves |AL86| . 
The curvature vector of such a curve satisfies 

(3.1) lt Ti = -If ^ k Ti = (Tj.iTi), i = 1,2 

where ' denotes derivative respect to the arclength parameter. The only 
simple closed one is the unit circle and the product of two unit circles gives 
obviously the Clifford torus S 1 x S . Equation (13. If) admits a countable 
family of closed noncircular solutions, which is parametrized by relatively 
prime numbers pi and % such that Pi/qi £ (1/2, 1/V%), i = 1> 2. Moreover, 
if Ti = \T{\, i = 1,2, then one can deduce from f)3. 1 1) that = pie r i I 2 with 
rf (1 — r'?)e~ r i = pf, being pi > a positive constant depending on pi and 
q i} i = 1,2. 

The Abresch-Langer tori are flat Lagrangian tori whose second funda- 
mental form and mean curvature vector satisfy 

(3.2) H 2 = \H\ 2 = 4 X + 4 2 = pje^ 2 + p\e^ 2 > 
The only embedded Abresch-Langer torus is the Clifford torus. 



THE CLIFFORD TORUS AS A SELF-SHRINKER 



3.2. Anciaux tori. Using the case n = 2 in Theorem 1 of [An06], we can 
define the Anciaux tori by the immersions </> Pi9 : I x R — > C 2 , parametrized 
by relatively prime numbers p and g such that p/q G (1/4, 1/2), given by 

(3.3) (f> Pt g(t,s) = 7 Pi g(t)(coss,sins) 

where 7 = 7p,q(i), iG/cR, is a closed curve such that its curvature satisfies 
the equation 



(3.4) k 7 = ^p^(| 7 | 2 - 1 



where ' denotes derivative respect to the arclength parameter. It is clear 
that j(t) = \^2e lt ^ satisfies (|3.4|) providing the Clifford torus. 
Following |An06| we deduce from (|3,4p that 

(3.5) = he II lj , r = | 7 |, r 4 (l - r' 2 ) e - 2 = E 2 

being E > a positive constant depending on p and g. 

The squared norm of the mean curvature vector of an Anciaux torus is 
given by 

(3.6) \H. ^- he 



and the squared norm of the second fundamental form of an Anciaux torus 
is given by 

(3-7) | CTp) / = ^ (r 4_ 2r 2 +4) 

Every Anciaux torus is Lagrangian but the only embedded one is the Clifford 
torus by Theorem 3 in |An06| . 

3.3. Lee- Wang tori. From [CLIO] and |LW10| . we define the Lee- Wang 
tori T m ,n by the doubly-periodic immersions VP m , n : M 2 — > C 2 , m,n G 
N, (m, n) = 1, m < n, given by 

(3.8) V mn (s,t) = \/m + n [ —= cosse^v 7 ^', sinseVfM 

The Clifford torus corresponds to 7i,i, since ^>i t i(s,t) = \/2e l *(cos s, sin s ). 
The Lee- Wang tori are Hamiltonian stationary Lagrangian tori satisfying 

m + n m + n 2 2 m + n 

(3.9) < w mn = (mcos s + nsin s) < 

n mn m 

After a straightforward computation, the squared norm of the mean curva- 
ture vector of a Lee- Wang torus is given by 

m + n , l9 m + n m + n 

(3.10) 1 < < \H m , n \ 2 = — < 

n n cos z s + m sin s m 
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and the squared norm of the second fundamental form and the Gauss cur- 
vature of a Lee- Wang torus verify 

3m 2 + n 2 , l9 m 2 + 3n 2 
3-11 — — — — - < \a mtTl 2 < 

n{m + nj mym + nj 

and 

n(n - m) m(n - m) 

(3.12J ■ — - < A m n < — ■ — - 

m[m + n) n[m + nj 

The only embedded Lee- Wang torus is the Clifford torus by Proposition 
3 in [CLIO] . 

3.4. Lawson tori. We define (cf. [La70| ) the Lawson tori T a by the doubly- 
periodic immersions & a : M. 2 — > C 2 , a S Q, a > 1, given by 

(3.13) * a (a:,y) = (cos x e iay , sinx e ij/ ) 

The Clifford torus corresponds to 71, since &i(x,y) = -v/2e J?/ (cos x, sinx). 

The Lawson tori are spherical tori whose squared norm of the second 
fundamental form is given by 



1 l9 a 2 

9 _ ^ / 9 9 - 9 \9 

or (a z cos z x + sin xj z 



(3.14) 1 + -^ < \a a \ l = 1 + — ^ r^-^l + a 



The Gauss curvature of a Lawson torus verifies 

(3.15) 1 - a 2 < K a < 1 - 4t 

The only embedded Lawson torus is the Clifford torus, which is also the 
only Lagrangian in this family. 



4. Proof of the results 

In this section we prove the results stated in section 1. 
Proof of Theorem A. 

We first integrate (12. 2p using that M is compact, obtaining = f M ( n ~ 
\H\ 2 )dfi. By the hypothesis on the mean curvature H of cj) we conclude 
\H\ 2 = n. Using (12. 2D again, we deduce that \4>\ 2 is harmonic, so it must be 
constant. Using section 2, we have that is a minimal submanifold in the 
sphere SP+v-^y/n). 

In addition, from ([2.4|) and (|1.2|) . we obtain that its second fundamental 
form a satisfies 

~|2 ^ P~ 1 



(4.1) \a\ z < 

v ; 1 1 - 2p - 3 

We now recall the well known results of |Si68j . [La69] and [CdCK78], about 
intrinsic rigidity for minimal submanifolds in the unit sphere, which can be 
summarized in the folllowing way: 

If M n is a compact minimal submanifold of S" +<? with second fundamental 
form a such that \a\ 2 <n/(2 — 1/q), then either \a\ 2 = and M n is S n , or 
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|<r| 2 = n/(2-l/q) and M n is § k (J%)><S n ~ k (^=^) in S n+1 , l<k< n—1, 

or the Veronese immersion of § 2 (\/3) in § 4 - 

Up to a dilation in IR n+,?+1 D §"+<? Q f ra tio ^fn^ we can rewrite it as 
follows: 

// M n is a compact minimal submanifold of E n+q (y^n) with second fun- 
damental form a such that \a\ 2 < q/(2q — 1), then either \a\ 2 = and M n 
is S n (^n), or \a\ 2 = q/(2q - 1) and M n is S k (V~k) x S n - k {Vn~^k) in 
S n+1 (y/n), 1 < k < n — 1, or the Veronese immersion of S 2 (\/6) in S 4 (\/2)- 

Taking q = p — 1, thanks to (|4.ip . we make use of the above result to 
finish the proof of Theorem A. 

Proof of Theorem li.il 

The same argument of the first part of the proof of Theorem A implies 
that <p is spherical. So we know from section 2 that \(p\ 2 = \H\ 2 = 2 and 
Theorem 1.1 in [Sm05] says that V^H = 0. Since (j) is Lagrangian we 
have that JH is a non-null parallel tangent vector field on M. We use then 
Theorem 3 in [Ur87| to deduce that M must be necessarily a standard torus, 
product of two circles. Using finally that ^ is a self-shr inker, M only can be 
the Clifford torus. 

Proof of Theorem 

We use Gauss-Bonnet Theorem in the Gauss equation of <fi 

(4.2) 2K = \H\ 2 - \a\ 2 
obtaining 

(4.3) 87r(l-gen(M)) = 2 f K dfi = [ (\H\ 2 -\a\ 2 )dfi = [ (2-\a\ 2 )dfi, 

Jm Jm Jm 

the last equality thanks to (I2.3p . 

Theorem 12.11 implies that M can not be a sphere. Hence the hypothesis 
\a\ 2 < 2 in (|4.3j) says that M is a torus with |<t| 2 = 2. If, in addition, K > 
or K < 0, we deduce from (JO) that \H\ 2 > 2 or \H\ 2 < 2. Then Theorem 
11.11 gives that M is the Clifford torus. 

Proof of Theorem \1.3i 

In Corollary 1 of [CLIO] , the authors proved that the Lee- Wang tori T m ,n 
are the only compact orientable Hamiltonian stationary Lagrangian self- 
shrinkers. Since the Clifford torus 71,1 is the only embedded in this family, 
we finish the proof using that a Klein bottle does not admit a Lagrangian 
embedding in C 2 (see |Nm09| ). 

References 

[AL86] U. Abresch and J. Langer. The normalized curve shortening flow and homothetic 
solutions. J. Differential Geom. 23 (1986), 175-196. 

[An06] H. Anciaux. Construction of Lagrangian self-similar solutions to the mean curva- 
ture flow in C n . Geom. Dedicata 120 (2006), 37-48. 



10 



ILDEFONSO CASTRO AND ANA M. LERMA 



[CaLill] H.-D. Cao and H. Li. A gap theorem for self-shrinkers of the mean curvature 

flow in arbitrary codimension. arXiv: 1101.0516vl [math.DG]. 
[CLIO] I. Castro and A.M. Lerma. Hamiltonian stationary self- similar solutions for La- 

grangian mean curvature flow in complex Euclidean plane. Proc. Amer. Math. Soc, 

138 (2010), 1821-1832. 
[ChPel2] Q-M. Cheng and Y. Peng. Complete self-shrinkers of the mean curvature flow. 

arXiv: 1202.1053vl [math.DG]. 
[ChZhll] X. Cheng and D. Zhou. Volume estimate about shrinkers. arXiv: 1106.4950vl 

[math.DG]. 

[CdCK78] S.S. Chern, M. Do Carmo and S. Kobayashi. Minimal submanifolds of sphere 
with second fundamental form of constant length. Shiing-Shen Chern Selected Papers, 
Springer- Verlag 1978, pp. 393-409. 

[CMi09] T.H. Colding and W.P. Minicozzi II. Generic mean curvature flow I: generic 
singularities. To appear in Ann. of Math. arXiv: 0908.3788vl [math.DG]. 

[DiXilla] Q. Ding and Y.L Xin. Volume growth, eigenvalue and compactness for self- 
shnnkers. arXiv: 1101.1411vl [math.DG]. 

[DiXillb] Q. Ding and Y.L Xin. The rigidity theorems for self-shrinkers. arXiv: 
1105.4962vl [math.DG]. 

[Hu90] G. Huisken. Asymptotic behavior for singularities of the mean curvature flow. J. 
Differential Geom. 31 (1990), 285-299. 

[La69] H.B. Lawson. Local rigidity theorems for minimal hyper surf aces. Ann. of Math. 89 
(1969), 187-197. 

[La70] H.B. Lawson. Complete minimal surfaces in S 3 . Ann. of Math. 92 (1970), 335-374. 

[LeSelO] N.Q. Le and N. Sesum. Blow-up rate of the mean curvature during the mean 
curvature flow and a gap theorem for self-shrinkers. arXiv: 1011.5245 [math.DG]. 

[LW10] Y.-I. Lee and M.-T. Wang. Hamiltonian stationary cones and self-similar solutions 
in higher dimension. Trans. Amer. Math. Soc. 362 (2010), 1491-1503. 

[LiWel2] H. Li and Y. Wei. Classification and rigidity of self-shrinkers in the mean cur- 
vature flow. arXiv: 1201.4623vl [math.DG]. 

[Nm09] S.Y. Nemirovski. Homology class of a Lagrangian Klein bottle. Izv. Math. 73 
(2009), 689. 

[NelO] A. Neves. Recent progress on singularities of Lagrangian mean curvature flow. 

arXiv: 1012.2055vl [math.DG]. 
[Si68] J. Simons. Minimal varieties in Riemannian manifolds. Ann. of Math. 88 (1968), 

62-105. 

[Sm05] K. Smoczyk. Self-shrinkers of the mean curvature flow in arbitrary codimension. 

Int. Math. Res. Not. 48 (2005), 2983-3004. 
[Ur87] F. Urbano. Totally real submanifolds. Geometry and Topology of Submanifolds, 

vol.1, 198-208. World Scientific, 1987. 

Departamento de Matematicas, Universidad de Jaen, 23071 Jaen, SPAIN 
E-mail address: icastro@ujaen.es 

Departamento de Matematicas, Universidad de Jaen, 23071 Jaen, SPAIN 
E-mail address: alerma@ujaen.es 



